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Abstract. Let G be a (not necessarily Hausdorff) locally com- 
pact groupoid. We introduce a notion of properness for G, which 
is invariant under Morita-equivalence. We show that any general- 
ized morphism between two locally compact groupoids which satisfies 
some properness conditions induces a C*-correspondence from C* (G2) 
to C*(Gi), and thus two Morita equivalent groupoids have Morita- 
equivalent C* -algebras. 
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Introduction 

Very often, groupoids that appear in geometry, such as holonomy groupoids of 
foliations, groupoids of inverse semigroups |151 |H] and the indicial algebra of 
a manifold with corners JU| are n °t Hausdorff. It is thus necessary to extend 
various basic notions to this broader setting, such as proper action and Morita 
equivalence. We also show that a generalized morphism from G2 to Gi satisfy- 
ing certain properness conditions induces an element of KK(C*(G2), C*(G\)). 

In Section [3 we introduce the notion of proper groupoids and show that it is 
invariant under Morita-equivalence. 

Section [3] is a technical part of the paper in which from every locally compact 
topological space X is canonically constructed a locally compact Hausdorff 
space JiX in which X is (not continuously) embedded. When G is a groupoid 
(locally compact, with Haar system, such that G' ' is Hausdorff), the closure 
X' of G^ ) in TiG is endowed with a continuous action of G and plays an 
important technical role. 

In Section0]we review basic properties of locally compact groupoids with Haar 
system and technical tools that are used later. 

In Section[S]we construct, using tools of Section|21 a canonical G*(G)-Hilbert 
module £(G) for every (locally compact...) proper groupoid G. If G^/G is 
compact, then there exists a projection p £ G*(G) such that £(G) is isomorphic 
to pC*{G). The projection p is given by p(g) = (c(s(g))c(r(g))) 1 / 2 , where 
c: G^ — > M+ is a "cutoff" function (Section HJ). Contrary to the Hausdorff 
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case, the function c is not continuous, but it is the restriction to G^ of a 
continuous map X' — > M + (see above for the definition of X'). 
In Section [7| we examine the question of naturality G i— > G*(G). Recall that 
if / : X — > Y is a continuous map between two locally compact spaces, then / 
induces a map from Cq(Y) to Cq(X) if and only if / is proper. When Gi and 
G2 are groups, a morphism /: G\ — ► G2 does not induce a map C*(G2) — * 
C*(G\) (when Gi C G2 is an inclusion of discrete groups there is a map in 
the other direction). When /: Gi — > G2 is a groupoid morphism, we cannot 
expect to get more than a G* -correspondence from C*{G2) to G*(Gi) when 
/ satisfies certain properness assumptions: this was done in the Hausdorff 
situation by Macho-Stadler and O'Uchi ([TT1 Theorem 2.1], see also |71 1131177] ). 
but the formulation of their theorem is somewhat complicated. In this paper, 
as a corollary of Theorem 17.81 we get that (in the Hausdorff situation), if the 
restriction of / to (Gi)f£ is proper for each compact set K C (G\)^ then / 
induces a correspondence £/ from G*(G2) to C*{G\). In fact we construct a 
G* -correspondence out of any groupoid generalized morphism (jUHj) which 
satisfies some properness conditions. As a corollary, if Gi and G2 are Morita 
equivalent then G*(Gi) and G*(G2) are Morita-equivalent G*-algebras. 

Finally, let us add that our original motivation was to extend Baum, Conncs 
and Higson's construction of the assembly map [i to non-Hausdorff groupoids; 
however, we couldn't prove /i to be an isomorphism in any non-trivial case. 

1. Preliminaries 

1.1. Groupoids. Throughout, we will assume that the reader is familiar with 
basic definitions about groupoids (see ^3E3)- If G is a groupoid, we denote by 
G (0) its set of units and by r : G -> G (0) and s: G -> G (0) its range and source 
maps respectively. We will use notations such as G x = s~ 1 (x), G v — r^ 1 (y), 
G v x = G x H G v . Recall that a topological groupoid is said to be Stale if r (and 
s) are local homeomorphisms. 

For all sets X, Y, T and all maps /: X — > T and g: Y — > T, we denote by 
X x f g Y, or by X XtY if there is no ambiguity, the set {(x, y) G X x Y\ f(x) = 

g(y)h 

Recall that a (right) action of G on a set Z is given by 

(a) a ("momentum") map p: Z — > 

G (o). 

(b) a map Z x Pi7 . G — > Z, denoted by (z, g) 1— > zg 
with the following properties: 

(i) P{zg) = s(g) for all (z,g) € Z x P:r G; 

(ii) z(gh) — (zg)h whenever p{z) — r(g) and 5(17) = r(h); 

(iii) zp(z) — z for all z G Z. 

Then the crossed-product Z x G is the subgroupoid of (Z x Z) x G consisting 
of elements (z, z', g) such that z' — zg. Since the map Z X G — > Z x G given 
by (z, z', g) 1— > (z, <?) is injective, the groupoid Z x G can also be considered as 
a subspace of Z x G, and this is what we will do most of the time. 
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1.2. Locally compact spaces. A topological space X is said to be quasi- 
compact if every open cover of X admits a finite sub-cover. A space is compact 
if it is quasi-compact and Hausdorff. Let us recall a few basic facts about 
locally compact spaces. 

Definition 1.1. A topological space X is said to be locally compact if every 
point x G X has a compact neighborhood. 

In particular, X is locally Hausdorff, thus every singleton subset of X is closed. 
Moreover, the diagonal in X x X is locally closed. 

Proposition 1.2. Let X be a locally compact space. Then every locally closed 
subspace of X is locally compact. 

Recall that A C X is locally closed if for every a <E A, there exists a neighbor- 
hood V of a in X such that V fl A is closed in V. Then A is locally closed if 
and only if it is of the form U H F, with U open and F closed. 

Proposition 1.3. Let X be a locally compact space. The following are equiv- 
alent: 

(i) there exists a sequence (K n ) of compact subspaces such that X — 

(ii) there exists a sequence (K n ) of quasi-compact subspaces such that X = 

(iii) there exists a sequence (K n ) of quasi-compact subspaces such that X = 
U ne f$K n and K n C K n +i for all n 6 N. 

Such a space will be called er-compact. 

Proof, (i) =>• (ii) is obvious. The implications (ii) =>■ (iii) =>• (i) follow 
easily from the fact that for every quasi-compact subspace K, there exists a 
finite family (i£i)j g j of compact sets such that K C Uigjifj. □ 

1.3. Proper maps. 

Proposition 1.4. Theoreme 1.10.2.1] Let X and Y be two topological 
spaces, and f : X — > Y a continuous map. The following are equivalent: 

(i) For every topological space Z , f x Id^ : X x Z ^ Y x Z is closed; 

(ii) / is closed and for every y EY, f (y) is quasi-compact. 

A map which satisfies the equivalent properties of Proposition 1 1 . 41 is said to be 
proper. 

Proposition 1.5. 2, Proposition 1.10.2.6] Let X and Y be two topological 
spaces and let f ' : X — » Y be a proper map. Then for every quasi-compact 
subspace K of Y , / _1 (X) is quasi-compact. 

Proposition 1.6. Let X and Y be two topological spaces and let f : X — > Y 
be a continuous map. Suppose Y is locally compact, then the following are 
equivalent: 

(i) / is proper; 
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(ii) for every quasi-compact subspace K of Y , / _1 (F) is quasi- compact; 

(iii) for every compact subspace K ofY, f~ l {K) is quasi- compact; 

(iv) for every y £ Y , there exists a compact neighborhood K y of y such that 
f~ 1 (K y ) is quasi- compact. 



Since f~ 1 (y) is closed, it is clear that f~ x (y) is quasi-compact for all y e Y. 
It remains to prove that for every closed subspace Pel, /(F) is closed. Let 
y € f(F). Let A = f~ x (Ky). Then A n F is quasi-compact, so f(A H F) is 
quasi-compact. As f(A n F) c ify, it is closed in K y , i.e. F y n f(A fl F) = 
K y n /(4 n F). Wc thus have y£K y n f(AnF) = K y fl /(^4 flF)c /(F). It 
follows that /(F) is closed. □ 



2.1. Locally compact groupoids. 

Definition 2.1. ^4 topological groupoid G is said to be locally compact (resp. 
a-compact) if it is locally compact (resp. a-compact) as a topological space. 

Remark 2.2. The definition of a locally compact groupoid in |15j corresponds 
to our definition of a locally compact, a-compact groupoid with Haar system 
whose unit space is Hausdorff, thanks to Propositions \2. bl and \2. 81 

Example 2.3. Let T be a discrete group, H a closed normal subgroup and let 
G be the bundle of groups over [0,1] such that Go — T and Gt = T/H for 
all t > 0. We endow G with the quotient topology of ([0, 1] X T) / ((0, 1] x H). 
Then G is a non-Hausdorff locally compact groupoid such that (t, 7) converges 
to (0, 7/1) as t — > 0, for all 7 G L and h G H . 

Example 2.4. Let T be a discrete group acting on a locally compact Hausdorff 
space X , and let G — (X xT)/ ~, where (x, 7) and (x, 7') are identified if their 
germs are equal, i. e. there exists a neighborhood V of x such that 2/7 = yy' for 
all y € V . Then G is locally compact, since the open sets V 1 — {[{x, 7)] | x € X} 
are homeomorphic to X and cover G. 

Suppose that X is a manifold, M is a manifold such that tti(M) = T, M is the 
universal cover of M and V = (X x M)/T, then V is foliated by {[x,rh\ \ in £ 
M} and G is the restriction to a transversal of the holonomy groupoid of the 
above foliation. 

Proposition 2.5. If G is a locally compact groupoid, then G^ is locally closed 
in G, hence locally compact. If furthermore G is a-compact, then G^ ' is a- 



Proof. Let A be the diagonal in G x G. Since G is locally Hausdorff, A is 
locally closed. Then G (0) = (Id,r)" 1 (A) is locally closed in G. 
Suppose that G = U n ^K n with K n quasi-compact, then s(K n ) is quasi- 




(iii) 



(iv) are 
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compact. 



compact and G^ — U n eNs(K n ). 



□ 
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Proposition 2.6. Let Z a locally compact space and G be a locally compact 
groupoid acting on Z . Then the crossed-product Z x G is locally compact. 

Proof. Let p: Z — ► G^ be the momentum map of the action of G. From 
Proposition E31 the diagonal A C G (0) x G (0) is locally closed in G (0) x G (0) , 
hence Z x G = (p, r)~ 1 (A) is locally closed in Z x G. □ 

Let T be a space. Recall that there is a groupoid T xT with unit space T, and 
product (x,y)(y,z) = (x,z). 

Let G be a groupoid and T be a space. Let /: T — > G< 0) , and let G[T] = 
{(t',t,g) e(TxT)xG\g G G^}. Then G[T] is a subgroupoid of (TxT)x G. 

Proposition 2.7. Let G be a topological groupoid with G^ locally Hausdorff, 
T a topological space and a continuous map. Then G[T] is a 

locally closed subgroupoid of (T x T) x G. In particular, if T and G are locally 
compact, then G[T] is locally compact. 

Proof. Let F C TxG^ be the graph of /. Then F = (fx Id)" 1 (A), where A is 
the diagonal in G^ x G^°\ thus it is locally closed. Let p: (t' , t, g) i— > (f , r(g)) 
and a: (t',t,g) i— > (t,s(g)) be the range and source maps of (T x T) x G, then 
G[T] = 0, a)^ 1 (F x F) is locally closed. □ 

Proposition 2.8. Let G be a locally compact groupoid such that G' ' is Haus- 
dorff. Then for every x € G(°\ G x is Hausdorff. 

Proof. Let Z = {{g,h) £ G x x G x \ r(g) = r(h)}. Let ip: Z —> G defined by 
ip(g,h) = g~ x h. Since {x} is closed in G, ip (x) is closed in Z, and since 
G^ is Hausdorff, Z is closed in G x x G x . It follows that ip~ 1 (x), which is the 
diagonal of G x x G x , is closed in G x x G x . □ 

2.2. Proper groupoids. 

Definition 2.9. A topological groupoid G is said to be proper if (r, s): G — > 
G (0) x G (o) 

is proper. 

Proposition 2.10. Let G be a topological groupoid such that G^ is locally 
compact. Consider the following assertions: 

(i) G is proper; 

(ii) (r, s) is closed and for every x € G*- -*, G^: is guasi- compact: 

(hi) /or a?/ quasi-compact subspaces K and L of G^°\ Gj^ is quasi-compact; 

(hi)' /or aZZ compact subspaces K and L of G^\ Gj^ is quasi- compact; 

(iv) for every quasi-compact subspace K of G^°\ Gj£ is quasi-compact; 

(v) \/x, y G G^°\ 3K X , L y compact neighborhoods of x and y such that 
G L jl is quasi- compact. 

Then (i) (ii) (Hi) (Hi)' fu,) => (iv). If G^ is Hausdorff, 
then (i)-(v) are equivalent. 
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Proof, (i) <^=> (ii) follows from Proposition 11.41 and from the fact that G% is 
homeomorphic to G% if G\. 7^ 0. (i) =4> (iii) and (v) ==>• (i) follow Proposi- 
tion ^21 and the formula G\ — (r, s) _1 (i x K). (iii) => (iii)' => (v) and 
(iii) (iv) are obvious. If is Hausdorff, then (iv) ==>• (v) is obvious. □ 

Note that if G = G (0) is a non-Hausdorff topological space, then G is not proper 
(since (r, s) is not closed), but satisfies property (iv). 

Proposition 2.11. Let G be a topological groupoid. Ifr: G — > G^ is open 
i/ien i/ie canonical mapping it : 

G (o) G (o) /G 

is open. 

Proof. Let C G^ be an open subspace. If r is open, then r(s^ 1 (V)) = 
7r _1 (7r(V^)) is open. Therefore, 7r(V) is open. □ 

Proposition 2.12. Let G be a topological groupoid such that G^ is locally 
compact and r: G — > G^ is open. Suppose that (r, s)(G) is locally closed in 
G^ x G^°\ then G^/G is locally compact. Furthermore, 

(a) i/G(°) is o -compact, then G^/G is a-compact; 

(b) if (r, s)(G) is closed (for instance if G is proper), then G^ ' /G is Haus- 
dorff. 

Proof. Let R = (r, s)(G). Let tt : G^ -> G^ /G be the canonical mapping. By 
Proposition ^. Ill 7r is open, therefore G^°'/G is locally quasi-compact. Let us 
show that it is locally Hausdorff. Let V be an open subspace of G^ such that 
(V x V) n i? is closed in V x V. Let A be the diagonal in tt(V) x tt(V). Then 
(7TX7r) _1 (A) = (Fx V^ni? is closed in VxV. Since ttxtt: VxV -> 7r(V) X 7r(V) 
is continuous open surjective, it follows that A is closed in ir(V) x ir(V), hence 
n(V) is Hausdorff. This completes the proof that G^/G is locally compact 
and of assertion (b). 

Assertion (a) follows from the fact that for every x <G G<°) and every compact 
neighborhood K of x, tt(K) is a quasi-compact neighborhood of tt(x). □ 

2.3. Proper actions. 

Definition 2.13. Let G be a topological groupoid. Let Z be a topological space 
endowed with an action of G. Then the action is said to be proper if Z x G is 
a proper groupoid. (We will also say that Z is a proper G -space.) 

A subspace A of a topological space X is said to be relatively compact (resp. 
relatively quasi-compact) if it is included in a compact (resp. quasi-compact) 
subspace of X. This does not imply that A is compact (resp. quasi-compact). 

Proposition 2.14. Let G be a topological groupoid. Let Z be a topological 
space endowed with an action of G. Consider the following assertions: 

(i) G acts properly on Z ; 

(ii) (r, s) : Z x G — » Z x Z is closed and Vz £ Z , the stabilizer of z is 
quasi- compact; 

(iii) for all quasi-compact subspaces K and L of Z , {g £ G\ LgflK ^ 0} is 
quasi- compact; 
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(iii) ' for all compact subspaces K and L of Z , {g G G\ Lg n K 7^ 0} is 

quasi-compact; 

(iv) for every quasi-compact subspace K of Z , {g G G\ Kg (1 K 7^ 0} is 
quasi- compact; 

(v) there exists a family (Aj)j E j 0/ subspaces of Z such that Z = Uj 6 /Aj 
and {g G G\ A^g n Aj 7^ 0} is relatively quasi-compact for all i,j G /. 

XTien (%) •<=>• (ii) =>■ fiizj =>• fiiij' and (iii) ==>■ (iv). If Z is locally compact, 
then (iii)' =>■ (v) and (iv) => (v). If G^ is Hausdorff and Z is locally 
compact Hausdorff, then (i)-(v) are equivalent. 

Proof, (i) (ii) follows from Proposition I2.1(j[ (i) (ii)]. Implication 

(i) (iii) follows from the fact that if (Z x G)^ is quasi-compact, then its 
image by the second projection Z x G — > G is quasi-compact, (iii) =>■ (iii)' 
and (iii) =>• (iv) are obvious. 

Suppose that Z is locally compact. Take A, c Z compact such that Z = 

Uig/Aj. If (hi)' is true, then {g G G| Aig n 7^ 0} is quasi-compact, hence 

(v). If (iv) is true, then {g 6 G| A^n Aj 7^ 0} is a subset of the quasi-compact 

set {3 G G| Kg H X 7^ 0}, where if = Aj U Aj, hence (v). 

Suppose that Z is locally compact Hausdorff and that G*- -* is Hausdorff. Let us 

show (v) =>• (ii). Let G^ be a quasi-compact set such that {g G G| AigDAj 7^ 

0}cG y -. 

Let x G Choose i £ I such that z G A». Since Z and G(°) are Hausdorff, 
stab(z) is a closed subspace of Ca, therefore it is quasi-compact. 
It remains to prove that the map <E>: Z Xqxo) G — > Z x Z given by 
$(z,g) = (z,zg) is closed. Let F C Z x G<0 ) G be a closed subspace, and 
(z, z') G "IK-F 1 ). Choose i and j such that z G A, and z' G Aj. Then 
(z,z') G $(F) n (A, x A,) c $(Fn(A, x G(0) Gy)) C <S>(F C) (Z x G(0) Cy)). 
There exists a net (z\,g\) E F (Z x G (o) Gy) such that (z, z') is a limit 
point of (z\, z\g\). Since Cij is quasi-compact, after passing to a universal 
subnet we may assume that g\ converges to an element g G Gy . Since 

G (0) 

is Hausdorff, F D (Z x G (o) Cy) is closed in Z x Gjj, so (z, g) is an element of 
F (Z x G <o) Gjj). Using the fact that Z is Hausdorff and <!> is continuous, we 
obtain (z, z') = $(z, g) G $(F). □ 

Remark 2.15. It is possible to define a notion of slice-proper action which 
implies properness in the above sense. The two notions are equivalent in many 
cases 0Ej- 

Proposition 2.16. Let G be a locally compact groupoid. Then G acts properly 
on itself if and only if G^ is Hausdorff. In particular, a locally compact space 
is proper if and only if it is Hausdorff. 

Proof. It is clear from Proposition ^. lOf ii) that G acts properly on itself if and 
only if the product tp : G^ — + G x G is closed. Since <p factors through the 
homeomorphism G' 2 -* -> G X r/ G, (g, h) 1— > (g, gh), G acts properly on itself if 
and only if G X r , r G is a closed subset of G x G. 
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If G'- -' is Hausdorff, then clearly G x r r G is closed in G x G. Conversely, if 
G^ ) is not Hausdorff, then there exists (x, y) <E G^ x G^ such that x ^ y 
and (x, y) is in the closure of the diagonal of G^ x G^ ' . It follows that (x, y) 
is in the closure of G x r r G, but (x,y) ^ G x r r G, therefore G x rir G is not 



2.4. Permanence properties. 

Proposition 2.17. //Gi andG2 are proper topological groupoids, thenG\xG2 
is proper. 

Proof. Follows from the fact that the product of two proper maps is proper [2 



Proposition 2.18. Let G\ and G2 he two topological groupoids such that G\ 
is Hausdorff and G2 is proper. Suppose that f ' : G\ — ► G2 is a proper morphism. 
Then G\ is proper. 

Proof. Denote by r, and Sj the range and source maps of Gi (i — 1,2). Let / be 
the map G^ x G^ — > G 2 °^ xGj ' induced from /. Since /o(ri, s\) = (72, S2) / 
is proper and G^ is Hausdorff, it follows from [21 Proposition 1.10.1.5] that 
(r%, si) is proper. □ 

Proposition 2.19. Let G\ and G2 be two topological groupoids such that G\ 
is proper. Suppose that f ' : G\ — > G2 is a surjective morphism such that the 
induced map f : G^ ' — > G^ is proper. Then G2 is proper. 

Proof. Denote by fj and Sj the range and source maps of Gi (i = 1,2). Let F2 C 
G2 be a closed subspace, and F\ = f~ 1 {F2). Since Gi is proper, (n,Sx)(-Fi) 
is closed, and since /' x /' is proper, (/' x /') o (r 1 ,si)(Fi) is closed. By 
surjectivity of /, we have (r 2 , S2)(F 2 ) = (/' x /') o (ri, This proves 

that (r"2,S2) is closed. Since for every topological space T, the assumptions of 
the proposition are also true for the morphism / x 1 : Gi x T — > G2 x T, the 
above shows that (72,52) x It is closed. Therefore, (r2,S2) is proper. □ 

Proposition 2.20. Let G be a topological groupoid with G^ Hausdorff, acting 
on two spaces Y and Z. Suppose that the action of G on Z is proper, and that 
Y is Hausdorff. Then G acts properly on Y x G (o> Z. 

Proof. The groupoid (Y x G(0 ) Z) x G is isomorphic to the subgroupoid Y = 
{{y, y', z, j)e(yxy)x(Z»G)| p(y) = r(g), y' = yg} of the proper groupoid 
(Y x Y) x {Z x G). Since Y and G^ are Hausdorff, V is closed in (Y x Y) x 
(Z x G), hence by Proposition 12 . 1 Of ii) . (Y x G(0 ) Z) x G is proper. □ 

Corollary 2.21. Let G be a proper topological groupoid with G^ Hausdorff. 
Then any action of G on a Hausdorff space is proper. 



closed. 



□ 



Corollaire 1.10.2.3]. 



□ 



Proof. Follows from Proposition E201 with Z = G^°\ 



□ 
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Proposition 2.22. Let G be a topological groupoid and f: T — > G^ 0) be a 
continuous map. 

(a) If G is proper, then G[T] is proper. 

(ii) If G[T] is proper and f is open surjective, then G is proper. 

Proof. Let us prove (a). Suppose first that T is a subspace of G^ ' and that 
/ is the inclusion. Then G[T] = G^. Since (rr,Sy) is the restriction to 
(r, s)~ 1 (T x T) of (r, s), and (r, s) is proper, it follows that (r^, Sy) is proper. 
In the general case, let F = (T x T) x G and let T' cTx G^ be the graph of /. 
Then F is a proper groupoid (since it is the product of two proper groupoids), 
and G[T] = T[T']. 

Let us prove (b). The only difficulty is to show that (r, s) is closed. Let F C G 
be a closed subspace and (y,x) € (r, s)(F). Let F = G[T] n (T x T) x F. 
Choose (t', (JeTxT such that /(£') = y and /(i) = x. Denote by f and s the 

range and source maps of G[T]. Then (t',t) G (f, s)(F). Indeed, let fl 3 (t',t) 
be an open set, and fl' = (/ x /)(£!). Then is an open neighborhood of 
(y,x), so Q'r\{r,s)(F) ^ 0. I t follows that Qn(f,s){F) + 0. 
We have proved that (t',t) € (f,s)(F) = (f,s)(F), so e (r,s)(F). □ 

Corollary 2.23. Let G be a groupoid acting properly on a topological space 
Z, and let Z\ be a saturated subspace. Then G acts properly on Z\. 

Proof. Use the fact that Zi»G=(Z» G)\Z X \. □ 

2.5. Invariance BY Morita-equivalence. In this section, we will only con- 
sider groupoids whose range maps are open. We thus need a stability lemma: 

Lemma 2.24. Let G be a topological groupoid whose range map is open. Let 
Z be a G space and f:T -► GW be a continuous open map. Then the range 
maps for Z x G and G[T] are open. 

To prove Lemma 12 . 241 we need a preliminary result: 

Lemma 2.25. Let X, Y, T be topological spaces, g: Y — > T an open map 
and f: X — > T continuous. Let Z = X x-p Y. Then the first projection 
pr-y : X x t Y — » X is open. 

Proof. Let VL C Z open. There exists an open subspace f2' of X x Y such 
that Vi = fl' Z. Let A be the diagonal in X x X. One easily checks that 
(pr l5 pr x )(0) = (1 x x g)(Q') fl A, therefore (pr 1 ,pr 1 )(fi) is open in A. 

This implies that pr 1 (f2) is open in X. □ 

Proof of Lemma \2. 2J\ This is clear for Z x G = Z x G(0 ) G using Lemma \l. 251 
For G[T], first use Lemma f2.25l to prove that T x f >s G G is open. Since 
the range map is open by assumption, the composition T x G — -> G — > G l J 
is open. Using again Lemma 12.251 G[T] ~ T 

open. □ 
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In order to define the notion of Morita-equivalence for topological groupoids, 
we introduce some terminology: 

Definition 2.26. Let G be a topological groupoid. Let T be a topological space 
and p: G^ — > T be a G-invariant map. Then G is said to be p-proper if the 
map (r, s) : G — > G' ' Xj G^ is proper. Lf G acts on a space Z and p: Z — > T 
is G-invariant, then the action is said to be p-proper if Z x G is p-proper. 

It is clear that properness implies p-properness. There is a partial converse: 

Proposition 2.27. Let G be a topological groupoid, T a topological space, 
p: G*- -* —> T a G-invariant map. If G is p-proper and T is Hausdorff, then G 
is proper. 

Proof. Since T is Hausdorff, G^ x T G®> is a closed subspace of G< 0) x G<°\ 
therefore (r, s) , being the composition of the two proper maps G — » G^ x x 
G(°) -> G(°) x G(°), is proper. □ 

Remark 2.28. When T is locally Hausdorff, one easily shows that G is p-proper 
iff for every Hausdorff open subspace V of T , ^-i[y] * s proper. 

Proposition 2.29. Let G\ and Gi be two topological (resp. locally com- 
pact) groupoids. Let r%, Si (i — 1,2) be the range and source maps of Gi, and 
suppose that r% are open. The following are equivalent: 

(i) there exist a topological (resp. locally compact) space T and fa: T — > 
g[°^ open surjective such that G\[T] and G2[T] are isomorphic; 

(ii) there exists a topological (resp. locally compact) space Z, two continu- 
ous maps p: Z — > G^ and a: Z — > G| , a left action of G\ on Z with 
momentum map p and a right action of Gi on Z with momentum map 
a such that 

(a) the actions commute and are free, the action of Gi is p-proper and 
the action of G\ is a-proper; 

(b) the natural maps Z/G2 — > G^ and G\\Z — > G^ induced from p 
and a are homeomorphisms. 

Moreover, one may replace (b) by 

(b)' p and a are open and induce bijections Z/G2 — > G^ and G\\Z — > 

In (i), if T is locally compact then it may be assumed Hausdorff. 

If Gi and G2 satisfy the equivalent conditions in Proposition 12 . 29| then they 
are said to be Morita-equivalent. Note that if G^ are Hausdorff, then by 
Proposition 12.271 one may replace "p-proper" and "cr-proper" by "proper". 
To prove Proposition 12.291 we need preliminary lemmas: 

Lemma 2.30. Let G be a topological groupoid. The following are equivalent: 

(i) r : G — > G' ' is open; 

(ii) for every G-space Z, the canonical mapping tt: Z — > Z/G is open. 
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Proof. To show (ii) (i), take Z = G: the canonical mapping tt: G — » G/G 
is open. Therefore, for every open subspace U of G, r(U) — G' ' n 7r _1 (7r(i7)) 
is open. 

Let us show (i) ==> (ii). By Lemma [2. 241 the range map r : Z x G — » Z is open. 
The conclusion follows from Proposition ^. Ill □ 

Lemma 2.31. Let G be a topological groupoid such that the range map r: G — > 
G (o) 

is open. Let X be a topological space endowed with an action of G and T 
a topological space. Then the canonical map 

f: (XxT)/G^(X/G)xT 

is an isomorphism. 

Proof. Let tt: X -> X/G and ir' : X x T — > (X x T)/G be the canonical 
mappings. Since 7r is open ( Lemma I2.3U[1 . / o tt' = tt x 1 is open. Since tt' is 
continuous surjective, it follows that / is open. □ 

Lemma 2.32. Let G be a topological groupoid whose range map is open and 
f : Y — > Z a proper, G-equivariant map between two G-spaces. Then the in- 
duced map f : Y/G — ► Z/G is proper. 

Proof. We first show that / is closed. Let tt : Y -> F/G and tt' : Z -> Z/G be 
the canonical mappings. Let A C Y/G be a closed subspace. Since / is closed 
and tt is continuous, (7r') _1 (/(A)) — f(TT^ 1 (A)) is closed. Therefore, f(A) is 
closed. 

Applying this to / x 1, we see that for every topological space T, (Y xT)/G — » 
(Z x T)/G is closed. By Lemma 15311 / x 1 T is closed. □ 

Lemma 2.33. Let Gi and G3 6e topological groupoids whose range maps are 
open. Let Z\ , Z2 and X be topological spaces. Suppose there are maps 

Y Pi ry fi „(0) P2 „ <7 2 ^(0) 
A < Zj\ > (_r 2 < ^2 ► ^3 ; 

a right action 0/G2 on Z\ with momentum map o\, such that p\ is G2-invariant 
and the action of Gi is p\ -proper, a left action of G2 on Z2 with momentum 
map p2 and a right p2-proper action 0/G3 on Z2 with momentum map 02 which 
commutes with the G2~action. 

Then the action of G3 on Z — Z\ x G2 Z 2 is p\ -proper. 

Proof. Let tp: Z 2 x G 3 — > Z 2 x m Z 2 be the map (2:2,7) i-> (22,^27)- By 
assumption, ip is proper, therefore lz t x ip is proper. Let F = {(z\, Z2, z' 2 ) G 
Z x x Z 2 x Z 2 \ <ii{zi) = p 2 {z2) = P2(z' 2 )}- Then l Zx x <p; (1 x ip)' 1 ^) -» F 
is proper, i.e. Z\ X G (o) (Z 2 x G3) — * Zi x G ( ) (Z 2 X G (o) Z 2 ) is proper. By 
Lemma 12.321 taking the quotient by G2, we get that the map 

a: Z x G 3 ->■ Z x x G2 (Z 2 x (0) Z 2 ) 
defined by (21,22,7) 1— ► (zi, Z2, Z27) is proper. 
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By assumption, the map Z\ x G 2 — > Z\ Xj Z\ given by (z%,g) 1— > (zi, zip) is 
proper. Endow Zi xi G 2 with the following right action of G 2 x G 2 : (^1,3) ■ 
(s'lff") = ( z id'i(9') 99") • Using again Lemma f2. 3 21 the map 

/3: Zi x Ga (Z 2 x (o) Z 2 ) = {Z x x G 2 ) x G2XG2 (Z 2 x Z 2 ) 
^2 

-> (Zi x x Zi) x G2xG2 (Z 2 x Z 2 ) ~ Z x x Z 
is proper. By composition, /3oa: Z >i G3 ^ Z x^ Z is proper. □ 

Proof of Provosition \2.2iA Let us treat the case of topological groupoids. As- 
sertion (b') follows from the fact that the canonical mappings Z — ► Z/G 2 and 
Z — > Gi\Z are open (Lemma 12. 3U[1 . 

Let us first show that (ii) is an equivalence relation. Reflexivity is clear (taking 
Z = G 1 p = r,a = s), and symmetry is obvious. Suppose that (Zi, pi, <r 2 ) and 
(Z 2 ,p 2 ,<7 2 ) are equivalences between Gi and G 2 , and G 2 and G3 respectively. 
Let Z — Z\ Xq 2 Z 2 be the quotient of Z\ x ( > Z 2 by the action (zi, z%) ■ 7 = 

G 2 

(217,7-^2) of G 2 . Denote by p: Z -> G^ 0) and en Z -> G^ 0) the maps induced 

from pi x 1 and 1 x cr 2 . By Lemma 12.251 the first projection pr% : Z\ x <o) Z 2 — > 

2 

Zi is open, therefore p = p\ o pn is open. Similarly, cr is open. It remains to 
show that the actions of G3 and G\ are p-proper and u-proper respectively. 
For G3, this follows from Lemma \'2. and the proof for G\ is similar. 
This proves that (ii) is an equivalence relation. Now, let us prove that (i) and 
(ii) are equivalent. 

Suppose (ii). Let F = Gi x Z X G 2 and T = Z. The maps p: T -> G^ 0) and 
cr: T — > Gi '' are open surjective by assumption. Since G± X Z ~ Z x ( > Z and 

- (_r 2 

ZxG 2 ~ Zx G ( 0) Z, we have G 2 [T] = (Tx T) x G (o) xG (o> G 2 ~ (ZxG 2 ) x sopr2)CT 
Z ~ (Z x G <o) Z) x ff0pr2 ^ Z = Z X G (o) (Z x G (o) Z) ~ Z X G (o) (Gi x Z) ~ 
Gi x (Z xJo) Z) ~ Gi x (Z x G 2 ) = T. Similarly F ~ GAT], hence (i). 

Conversely, to prove (i) =>■ (ii) it suffices to show that if /: T — > G'- -' is 
open surjective, then G and G[T] are equivalent in the sense (ii), since we know 
that (ii) is an equivalence relation. Let Z — T x r j G. 

Let us check that the action of G is pri-proper. Write Z X G = {(t, g, h) € 
T x G x G| /(t) = r(<7) and s(<?) = One needs to check that the map 

ZxG^ (T x f :T G) 2 defined by (t, g, h) 1— > (t, g, i, /i) is a homeomorphism onto 
its image. This follows easily from the facts that the diagonal map T — ► T x T 
and the map G^ 2 ' — > G x G, (<?,/i) 1— > (g,gh) are homeomorphisms onto their 
images. 

Let us check that the action of G[T] is sopr 2 -proper. One easily checks that the 
groupoid G' = G[T] x (T x f r G) is isomorphic to a subgroupoid of the trivial 
groupoid (T x T) x (G x G). It follows that if r' and s' denote the range and 
source maps of G', the map (r', s') is a homeomorphism of G' onto its image. 



Let us now treat the case of locally compact groupoids. In the proof that (ii) 
is a transitive relation, it just remains to show that Z is locally compact. 
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Let U3 be a Hausdorff open subspace of G 3 . We show that cr _1 (C/3) is locally 
compact. Replacing G3 by (Gs)^ 3 , we may assume that Gi acts freely and 
properly on Z 2 . Let T be the groupoid (Zi x ( > Z 2 ) x G2, and R = (r, s)(T) C 

(Zi x (o) Z2) 2 . Since the action of G2 on Zi is free and proper, there exists 

a continuous map ip: Z2 x (oj Zi — ► G2 such that Z2 = y(^2 ; z 2) z 2- Then 

R = {(zi,Z2,z' 1 ,z'o) G (Zi x (o) Z 2 ) 2 ; = ziip(z 2 , z' 2 )} is locally closed. By 

2 

Proposition 12. 121 Z = (Zi X G (o) Z-^jG is locally compact. 

Finally, if (i) holds with T = \J t V t with V % open Hausdorff, let T = 1IV % . It is 

clear that G X [T'] ~ G 2 [T']. □ 

Let us examine standard examples of Morita-equivalences: 

Example 2.34. Let G be a topological groupoid whose range map is open. Let 
(Ui)i£i be an open cover of G^ and U = ILj e /[/i. Then G\U] is Morita- 
equivalent to G. 

Example 2.35. Let G be a topological groupoid, and let Hi, H2 be subgroupoids 
such that the range maps ri \ Hi — * H^ are open. Then {Hi\G s Jr^l) x H% and 

Hi x [Gjijj^l/H^) are Morita- equivalent. 

Proof. Take Z = G a f&\ and let p: Z — > Z/H% and a: H±\Z be the canonical 
mappings. The fact that these maps are open follows from Lemma T2.3UI □ 

The following proposition is an immediate consequence of Proposition 12 . 221 

Proposition 2.36. Let G and G' be two topological groupoids such that the 
range maps ofG and G' are open. Suppose that G and G' are Morita- equivalent. 
Then G is proper if and only if G' is proper. 

Corollary 2.37. With the notations of Example \2. SJ\ G is proper if and only 
if G[U) is proper. 

3. A TOPOLOGICAL CONSTRUCTION 

Let X be a locally compact space. Since X is not necessarily Hausdorff, a 
filter 1 T on X may have more than one limit. Let S be the set of limits of a 
convergent filter T. The goal of this section is to construct a Hausdorff space 
HX in which X is (not continuously) embedded, and such that T converges to 
S in HX. 

3.1. The space HX. 

Lemma 3.1. Let X be a topological space, and S C X. The following are 
equivalent: 

(i) for every family (V s ) s6 s of open sets such that s G V s , and V s = X 
except perhaps for finitely many s 's, one has D s ^sV s 7^ 0; 



or a net; we will use indifferently the two equivalent approaches 
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(ii) for every finite family (Vi)jgj of open sets such that S (~)Vi ^ for all 
i, one has flier Vi ^ 0. 

Proof, (i) => (ii): let (Vi)igj as in (ii). For all i, choose s(z) G Sn V*. Put 
W s = C^ s =s(i)Vii with the convention that an empty intersection is X. Then by 

(i) , ^ n ses w s = n iE iVi. 

(ii) =^ (i): let {V s ) seS as in (i), and let I = {s G S\ V s ^ X}. Then 

n seS v; = n ieJ Fi ^ 0. □ 

We shall denote by HX the set of non-empty subspaces S of X which satisfy 
the equivalent conditions of Lemma II and HX = HX U {0}. 

Lemma 3.2. Let X be a locally HausdorfJ space. Then every S G HX is locally 
finite. More precisely, if V is a HausdorfJ open subspace of X , then VHS has 
at most one element. 

Proof. Suppose a ^ b and {a, b} C VilS. Then there exist V a , VJ, open disjoint 
neighborhoods of a and b respectively; this contradicts Lemma fe.lf ii). □ 

Suppose that X is locally compact. We endow HX with a topology. Let 
us introduce the notations fly = {S G HX\ V n S ^ 0} and Q Q = {S G 
HX| Q n S = 0}. The topology on HX is generated by the fiy's and ft^'s (V 
open and Q quasi-compact). More explicitly, a set is open if and only if it is 
a union of sets of the form fiS,,^ = OP n (flig/Ovi) where (Vi)i & i is a finite 
family of open Hausdorff sets and Q is quasi-compact. 

Proposition 3.3. For every locally compact space X , the space HX is Haus- 
dorff. 

Proof. Suppose S £ S' and S, S' G HX. Let s G S- S'. Since S' is locally 
finite and since every singleton subspace of X is closed, there exist V open and 
K compact such that s G V C K and K H S" = 0. Then fiy and K are 
disjoint neighborhoods of S and S' respectively. □ 

For every filter T on HX, let 

(1) L{T) = {a G X\ W 3 a open, n v G ^}. 

Lemma 3.4. Let X be a locally compact space. Let J- be a filter on HX . Then 
T converges to S G HX if and only if properties (a) and (b) below hold: 

(a) VV open, V n S ^ =*> fly e .F; 

(b) VQ quasi- compact, QHS = =^ ft*? G F. 
// is convergent, then L(T) is its limit. 

Proof. The first statement is obvious, since every open set in HX is a union of 
finite intersections of fiy's and fi^'s. 

Let us prove the second statement. It is clear from (a) that S C L[T\ Con- 
versely, suppose there exists a G L{T) — S. Since S is locally finite and every 
singleton subspace of X is closed, there exists a compact neighborhood K of 
a such that K D S = 0. Then a G implies VI k G J 7 , and condition (b) 
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implies ft K G T , thus = Q K n £Ik G -T 7 , which is impossible: we have proved 
the reverse inclusion L(T) C S. □ 

Remark 3.5. This means that if S\ — > S, then a G S if and only if VA there 
exists s\ G 5a sucft i/ia£ s>, — * a. 

Example 3.6. Consider Examvle VHK with T = Z 2 and H = {0}. Then TLG = 
G U {S} where S — {(0, 0), (0, 1)}. The sequence (1/n, 0) € G converges to S 
in HG, and (0, 0) and (0, 1) are two isolated points in TIG. 

Proposition 3.7. Let X be a locally compact space and K C X quasi- compact. 
Then L = {S € TiX\ SDK ^ 0} is compact. The space TLX is locally compact, 
and it is a -compact if X is a -compact. 

Proof. We show that L is compact, and the two remaining assertions follow 
easily. Let The a, ultrafilter on L. Let So = L(T). Let us show that SqDK ^ 0: 
for every S € L, choose a point <p(S) £ K n S. By quasi-compactness, <p(J-) 
converges to a point a G if, and it is not hard to see that a G Sq. 
Let us show So G 7iX: let (14) (s G So) be a family of open subspaces of X 
such that s £ V s for all s G So, and V, = X for every s ^ Si (Si C So finite). 
By definition of So, fi(y s ) seSi = HsggjOvi belongs to T , hence it is non-empty. 
Choose S G fi (Vs ) , then SC\V S ^ for all s E Si. By Lemma l3~TT ii). 
r\ aBSl V s ^ 0. This shows that S € TLX. 
Now, let us show that T converges to So. 

• If V is open Hausdorff such that So G f2y, then by definition fly G 3~ '■ 

• If Q is quasi-compact and So G , then fi^ G JF, otherwise one would 
have {S G HX| Sn<5^0}eJ r , which would imply as above that 
So n Q ^ 0, a contradiction. 

From Lemma [3.41 J 7 converges to So- □ 

Proposition 3.8. Let X be a locally compact space. Then TLX is the one-point 
compactification of TLX . 

Proof. It suffices to prove that TLX is compact. The proof is almost the same 
as in Proposition 13. 71 □ 

Remark 3.9. If f: X — > Y is a continuous map from a locally compact space 
X to any Hausdorff space Y, then f induces a continuous map TLf: TLX — ► Y. 
Indeed, for every open subspace V ofY, (W/) _1 (V) = Qf-i(y) is open. 

PROPOSITION 3.10. Let G be a topological groupoid such that G^ is Hausdorff, 
andr: G -> G<°) is open. Let Z be a locally compact space endowed with a 
continuous action of G. Then TLZ is endowed with a continuous action of G 
which extends the one on Z . 

Proof. Let p : Z — > G^ ' such that G acts on Z with momentum map p. Since 
p has a continuous extension TLp: TLZ — > G*- -', for all S G TLZ, there exists 
x G G<°) such that S C p _1 (a;). For all g G G x , write Sg = {sg\ s G S}. 
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Let us show that Sg G HZ. Let V s (s G S 1 ) be open sets such that sg E V s . 
By continuity, there exist open sets W s 3 s and W g 3 g such that for all 
(z,h) G W s x G(0 ) Wg, zh E V s . Let V 8 = W s n P _1 (r(W s )). Then V? is an 
open neighborhood of s, so there exists z G n s esVs'- Since p(z) G r-(Wg), there 
exists h G W g such that p(z) = r(h). It follows that zh G n s ggV^. This shows 
that Sg G HZ. 

Let us show that the action defined above is continuous. Let $: 7iZ x G <o) 
G — > HZ be the action of G on HZ. Suppose that (S\,g\) — > (.5, g) and let 
S" = L((S\,g\)). Then for all a G 5 there exists s\ G 5a such that s\ — > a. 
This implies sa<7a — > aff, thus ag G S'. The converse may be proved in a similar 
fashion, hence Sg = S'. 

Applying this to any universal net (S\,g\) converging to (S, g) and knowing 
from Proposition ^. Sl that §(S\,g\) is convergent in HZ, we find that $(S\,g\) 
converges to &(S, g). This shows that <!> is continuous in (S,g). 

□ 

3.2. The space H'X. Let X be a locally compact space. Let £l' v = {S G 
HX\ S c V}. Let H'X be as a set, with the coarsest topology such that 
the identity map H'X — > HX is continuous, and Q' v is open for every relatively 
quasi-compact open set V. The space H'X is Hausdorff since HX is Hausdorff, 
but it is usually not locally compact. 

Lemma 3.11. Let X be a locally compact space. Then the map 

H'X ^N*U{oo}, S^ #5 
is upper semi- continuous. 

Proof. Let S G H'X such that #£> < oo. Let V s (s G S) be open relatively 
compact Hausdorff sets such that s G V s , and let W = U se st4. Then S' G 7Y'X 
implies n K) < 1, therefore 5' G implies #5' < #5. □ 

Proposition 3.12. Let X be a locally compact space such that the closure of 
every quasi-compact subspace is quasi-compact. Then 

(a) the natural map H'X — > HX is a homeomorphism, 

(b) for every compact subspace K C X , there exists Ck > such that 

VS G HX, SnK^Q) => #5 < C K , 

(c) Lf G is a locally compact proper groupoid with G' ' Hausdorff then G 
satisfies the above properties. 

Proof. To prove (b), let K\ be a quasi-compact neighborhood of K and let 
K 1 = K\. Let a E K S and suppose there exists b G S — K' . Then i^i and 
X — K' are disjoint neighborhoods of a and 6 respectively, which is impossible. 
We deduce that S C if'. 

Now, let (V^)igj be a finite cover of if' by open Hausdorff sets. For all b G S, 
let lb = {i G 7| & G V^}. By Lemma f3. 21 the I^s (b G 5) are disjoint, whence 
one may take Ck = 
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To prove (a), denote by A C X x X the diagonal. Let us first show that 
pr\ : A — > X x X is proper. 

Let /f C X compact. Let Lcl quasi-compact such that K £ L. If (a, b) £ 
A n (if x X), then b £ L: otherwise, L x L c would be a neighborhood of (a, 6) 
whose intersection with A is empty. Therefore, pr 1 ~ 1 (if) — An (K x L) is 
quasi-compact, which shows that pr\ is proper. 

It remains to prove that Q' v is open in TLX for every relatively quasi-compact 
open set V C X. Let S £ Q' v , a £ S and K a compact neighborhood of a. Let 
L = pr 2 (A n (K x X)). Then Q = L - V is quasi-compact, and Settle f2y, 
therefore £l' v is a neighborhood of each of its points. 

To prove (c), let K C G be a quasi-compact subspace. Then L — r(K) U s(K) 
is quasi-compact, thus G\ is also quasi-compact. But K is closed and K C G£, 
therefore is quasi-compact. □ 

4. Haar systems 

4.1. The space C c (X). For every locally compact space X, C C (X) will denote 
the set of functions / £ C C (V) (V open Hausdorff), extended by outside V. 
Let C C (X) be the linear span of C c {X)q. Note that functions in C C (X) are not 
necessarily continuous. 

Proposition 4.1. Let X be a locally compact space, and let f : X — > C. The 
following are equivalent: 

(i) f £ C C (X); 

(ii) / 1 (C*) is relatively quasi- compact, and for every filter T on X, let 
T = i{J~), where i: X — > TLX is the canonical inclusion; if T converges 
to S £ TLX , then lini^ / = XLeS /( s )- 

Proof. Let us show (i) =>• (ii). By linearity, it is enough to consider the case 
/ £ C C (V), where V C X is open Hausdorff. Let K be the compact set 
/^(C*) n V. Then / _1 (C*) C X. Let ^ and 5 as in (ii). If S n V = 0, then 
5 G A ', hence fi A £ f, i.e. X - K £ F. Therefore, lim^ / = = J^seS f( s )- 
If 5 PI V = {a}, then a is a limit point of T, therefore limjr/ = f(a) = 

E. 6S /(«)- 

Let us show (ii) (i) by induction on neN* such that there exist V\ , . . . V n 
open Hausdorff and K quasi-compact satisfying / _1 (C*) C K C V\ U • • • U V n . 
For n=l, for every x £ Vi, let T be a ultrafilter convergent to x. By 
Proposition l3.8l is convergent; let S be its limit, then lim^r / = X^ses /( s ) = 
/(x), thus f\v ± is continuous. 

Now assume the implication is true for n — 1 (n > 2) and let us prove it for n. 
Since K is quasi-compact, there exist V{, . . . , V„ open sets, Ifi . . . , K n compact 
such that K C V{ U • • • U V£ and V- £ Ki £ Vi. Let F = (V{ U • • • U K) - 
(F/ U • • • U V^_i). Then F is closed in and f\p is continuous. Moreover, 
= outside K' = K — (V{ U • • • U V^_ x ) which is closed in K, hence quasi- 
compact, and Hausdorff, since K' C V^. Therefore, f\p £ C C {F). It follows 
that there exists an extension h £ C C {V^) of f\p. By considering / — h, we 
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may assume that / = on F, so / = outside K' = K\ U ■ • • U K n -\. But 
K' C Vi U • • • U V n -i, hence by induction hypothesis, / £ C C (X). □ 

Corollary 4.2. Let X be a locally compact space, f:X—* C, /„ e C C (X). 
Suppose that there exists fixed quasi-compact set Q C X such that /~ 1 (C*) C Q 
for all n, and f n converges uniformly to f. Then f £ C C {X). 

Lemma 4.3. Let X be a locally compact space. Let (£/j)j g j be an open cover of 
X by Hausdorff subspaces. Then every f £ C C (X) is a finite sum f — ^2 fi, 
where f { S C c (U t ). 

Proof. See jH] Lemma 1.3]. □ 

Lemma 4.4. Let X and Y be locally compact spaces. Let f £ C' C (X x Y). Let 
V and W be open subspaces of X and Y such that / _1 (C*) C Q C V x W for 
some quasi-compact set Q. Then there exists a sequence f n £ C C (V) (g> C C {W) 
such that lim^oo ||/ - /„||oo = 0. 

Proof. We may assume that X = V and Y = W. Let (f/j) (resp. (Vj)) be 
an open cover of X (resp. Y) by Hausdorff subspaces. Then every element of 
C C (X x Y) is a linear combination of elements of C c (Ui x Vj) fLemma l4.3f) . The 
conclusion follows from the fact that the image of C c (Ui)®C c {Vj) — > C c (Ui x Vj) 
is dense. □ 

Lemma 4.5. Let X be a locally compact space and Y C X a closed subspace. 
Then the restriction map C C {X) — » C C (Y) is well-defined and surjective. 

Proof. Let (Ui)i e i be a cover of X by Hausdorff open subspaces. The map 
C c (Ui) — > C c {Ui n Y) is surjective (since Y is closed), and (BieiC c (Ui 7)^ 
C C (Y) is surjective f Lemma l4.3f) . Therefore, the map (BieiC c (Ui) — > C7 C (F) is 
surjective. Since it is also the composition of the surjective map ©iei"C c (E/j) — > 
C C (X) and of the restriction map C C (X) — > C C (Y), the conclusion follows. □ 

4.2. Haar systems. Let G be a locally compact proper groupoid with Haar 
system (see definition below) such that is Hausdorff. If G is Hausdorff, 
then C c (G( ') is endowed with the C*(G)-valued scalar product (£,r])(g) = 
£,{r{g))r/(s(g)). Its completion is a C* (G)-Hilbert module. However, if G is 
not Hausdorff, the function g i— > £,(r(g))f](s(g)) does not necessarily belong to 
C C (G), therefore we need a different construction in order to obtain a C*(G)- 
module. 

Definition 4.6. jlfil pp. 16-17] Lei G be a locally compact groupoid such that 
G x is Hausdorff for every x £ G^ . A Haar system is a family of positive 
measures A = {\ x \ x £ G^} such thaty X ,y £ G^ , V<^ £ C C (G), 

(i) supp(A a; ) = G x ; 

(ii) Afc): x ^ J geGx <p(g)\*(dg) £ C C (G<®); 

(iii) f heQm y{gh) X x {Ah) = J heGy <p(h) \y(dh). 

Note that G x is automatically Hausdorff if G^ is Hausdorff fProp. l2~B|l . Recall 
also [151 p. 36] that the range map for G is open. 
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Lemma 4.7. Let G be a locally compact groupoid with Haar system. Then for 
every quasi-compact subspace K of G, sxrp x< z G {a) X X (K n G x ) < oo. 

Proof. It is easy to show that there exists / S C C (G) such that Ik < /• Since 
su Pa;eG< > A(/)(x) < 00 1 the conclusion follows. □ 

Lemma 4.8. Let G be a locally compact groupoid with Haar system such 
that G(°) is Hausdorff. Suppose that Z is a locally compact space and that 
p: Z — ► G*- -* is continuous. Then for every f G C C (Z x pr G), A(/): z 1— * 
/ 5eG p ( ,) f(z,g) A^(dg) &efon<? S to C C (Z). 

Proof. By Lemma f4. 51 / is the restriction of an element of C C (Z x G). 
If f(z,g) = h{z)f 2 {g), then ^(x) = J geG=0 f 2 (g) \* (dg) belongs to C C (G<°>), 
therefore i/iopg Cb(Z). It follows that A(/) = /i(r/> °p) belongs to C C {Z). 
By linearity, if / G G C (Z) ® G C (G), then A(/) G G C (Z). 

Now, for every / G C C (Z x G), there exist relatively quasi-compact open sub- 
spaces V and W of Z and G and a sequence /„ G C C (V) ® G C (VF) such that 
/„ converges uniformly to /. From Lemma 14.71 A(/ n ) converges uniformly to 
A(/), and A(/„) G C C {Z). From Corollary IP A(/) G C C {Z). □ 

Proposition 4.9. Lei G be a locally compact groupoid with Haar system such 
thatG^ is Hausdorff. If G acts on a locally compact space Z with momentum 
map p: Z — > G^°\ then {\ p ^) z ez is a Haar system on Z x G. 

Proof. Results immediately from Lemma 14.81 □ 

5. The Hilbert module of a proper groupoid 

5.1. The space X'. Before we construct a Hilbert module associated to a 
proper groupoid, we need some preliminaries. Let G be a locally compact 
groupoid such that G^ is Hausdorff. Denote by X' the closure of G^ in TiG. 

Lemma 5.1. Let G be a locally compact groupoid such that G^ is Hausdorff. 
Then for all S G X' , S is a subgroup of G. 

Proof. Since r and s: G — > G^ extend continuously to maps TiG — » G^ , and 
since r = s on G(°), one has Hr = Hs on X' , i.e. 3x G G (Q \ S C G%° . 
Let T be a filter on G^ whose limit is S. Then a G S if and only if a is a 
limit point of T . Since for every x G G^ ' we have x~ x x = x, it follows that 
for every a, b G S one has a~ 1 b G S, whence 5 is a subgroup of G%°. □ 

Denote by q: X' -> G<°) the map such that 5 G G^gv The map g is continuous 
since it is the restriction to X' of Hr. 

Lemma 5.2. Let G be a locally compact proper groupoid such that G*-°) is 
Hausdorff. Let J 7 be a filter on X' , convergent to S. Suppose that q(F) 
converges to So G X' . Then Sq is a normal subgroup of S, and there ex- 
ists G T such that VS" G f2, S' is group-isomorphic to S/ Sq. In particular, 
{S'&X'\#S = #S #S'}ef. 
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Proof. Using Proposition ^. 121 we see that S is finite. 

We shall use the notation fi(vi) le j = ^(Vi) <6 j n ^u* jW Let V^' C V s (s G 5) 
be Hausdorff, open neighborhoods of s, chosen small enough so that for some 

(a) n C fV;) ses ; 

(b) V^X, c K 1S2) Vsi, s 2 e 5. 

(c) Vs e 5 - ft, VS' e ?(S") i V s \ 

(d) g(fi)c% )f£Sb ; 

Let S' eft. Let <p: 5 -> S" such that {<£>(«)} = S' n V,'. Then ^ is well-defined 
since S" (see (a)) and V' s is Hausdorff. 

If sr, s 2 £S then y>( Si ) g S'nF s '.. By (b), p(si)<p(s2) € S'ny siS2 . Since F SlS2 
is Hausdorff and also contains <p(siS2) € <S", we have y(siS2) = <^(si)<^(s 2 ). 
This shows that cp is a group morphism. 
The map </? is surjective, since S' C U se sK' ( see ( a ))- 

By (c), ker(tp) C S and by (d), 5 C kev(ip). □ 

Suppose now that the range map r: G — > G*- ) is open. Then X' is endowed 
with an action of G fProp. l3".10[) defined by S ■ g = g~ 1 Sg = {g sg\ s £ S}. 

5.2. Construction of the Hilbert module. Now, let G be a locally com- 
pact, proper groupoid. Assume that G is endowed with a Haar system, and 
that G (0) is Hausdorff. Let 

£° = {/ e C C (X')\ f(S) = V¥Sf(q(S)) VS € X'}. 

(q(S) G is identified to {q(S)} e X'.) 

Define, for all £, ry e £° and / e G C (G): (£,tj)(s) = Z(r(g))r)(s(g)) and 

(£/)(#) = / a9- 1 Sg)f(g- 1 )X x (dg). 

Proposition 5.3. Wit/i the above assumptions, the completion £ (G) o/f urai/i 
respect to the norm ||£|| = ||(^,^)|| 1/ ' 2 is a C*{G)- Hilbert module. 

We won't give the direct proof here since this is a particular case of Theorem l7.8l 
(see Example 17. l^ c]). 

6. Cutoff functions 

If G is a locally compact Hausdorff proper groupoid with Haar system. Assume 
for simplicity that G^°'/G is compact. Then there exists a so-called "cutoff" 
function c € G C (G^)+ such that for every x € G<°\ J geGx c{s(g)) X x (dg) = 1, 

and the function g i— » ^/ c(r(5))c(s(<7)) defines projection in G*(G). However, 
if G is not Hausdorff, then the above function does not belong to G C (G) is 
general, thus we need another definition of a cutoff function. 

Let X'y k = {S £ X'\ #5 > k}. By Lemma l3~TTl X'> k is closed. 

Lemma 6.1. Let G be a locally compact, proper groupoid with G' ' Hausdorff. 
Let X>k — <l(X> k ). Then X>k is closed in G^ . 
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Proof. It suffices to show that for every compact subspace if of , X> k H if 
is closed. Let if' = G^. Then if' is quasi-compact, and from Proposition 13. 71 
if" = {S G HG\ SDK' ± 0} is compact. The set q~\K ) n XL, k = if" n X'> k 
is closed in if", hence compact; its image by q is X> k H if. □ 

Lemma 6.2. Let G be a locally compact, proper groupoid, with G^ Hausdorff. 
Let a G K. For every compact set if C G^ , there exists f : X' K — > R5_ 
continuous, where X' K = (7 _1 (if) C X', smc/i i/iai 

VSe4, = /(g(S))(#S) a . 

Proof. Let if' = Gj£. It is closed and quasi-compact. From Proposition 13.71 

.X"^- is quasi-compact. For every S G X^-, we have £ C if'. By Proposition ^. 121 

there exists n e N* such that X> n+1 HX^- = 0. We can thus proceed by reverse 

induction: suppose constructed fk+i ■ X^Ciq^ 1 (X>k+i) — ► R+ continuous such 

that f k+1 (S) = f k+1 (q(S))(#S) a for all S e X' K D q- l (X> k+1 ). 

Since X' K n q^ 1 (X>k+i) is closed in the compact set X' K n (^(X^/.), there 

exists a continuous extension ft,: X' K n g _1 (X>fc) — > M of Replacing /i(x) 

by sup(/i(x), inf fk+i), we may assume that h(X' K n g -1 (Jf>fe)) C R^. Put 

/fc(5) = h(q(S))(ffS) a . Let us show that is continuous. 

Let J 7 be a ultrafilter on Xjj n q^ 1 (X> k ), and let 5 be its limit. Since q{T) is 

a ultrafilter on if, it has a limit So G X' K . 

For every Si e q- l {X> k ), choose V(Si) G X' >k such that g(Si) = g(^(Si)). 
Let S' eX' K D X'> k be the limit of 

From Lemma ICT Oi = {Si G X^. n g- _1 (X> fc )| #S = #S #Si} is an element 
of T, and fi 2 = {S 2 G Xy #S' = #S #S 2 } is an element of ^(JF). 

• If #So > 1, then S' G X>fc + i, so S and So belong to q^ 1 (X>k+i)- 
Therefore, /fe(Si) = (ffSi) a h(q(Si)) converges with respect to J 7 to 

= f k+1 (q(S))(#S) a = %(S))(#S) Q = f k (S). 

• If S = {q(S)}, then f k (Si) = (#Si) a %(Si)) converges with respect 
tofto (#S) a h(q(S)) = f k (S). 

Therefore, f k is a continuous extension of /fc+i- D 

Theorem 6.3. Let G be a locally compact, proper groupoid such that G^ is 
Hausdorff and G^ /G is a-compact. Let it: G^ — > G^/G be the canonical 
mapping. Then there exists c: X' — > R + continuous such that 

(a) c(S) = c(g(S))#S for all S G X'; 

(b) Va G G^/G, 3x G 7r- 1 (a), c(x) 7^ 0; 

(c) Vif C G^ compact, supp(c) n q^ 1 (F) is compact, where F — s(G K ). 
If moreover G admits a Haar system, then there exists c : X' — > R + continuous 
satisfying (a), (b), (c) and 



(d)VxGG(°\ / c(s(g))\ x (dg) = l. 
J gee* 
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Proof. There exists a locally finite cover (Vi) of G^/G by relatively compact 
open subspaces. Since n is open and G^ is locally compact, there exists Ki C 
G^ ) compact such that ir(Ki) D Vi. Let (ifi) be a partition of unity associated 
to the cover (Vi). For every i, from Lemma [6.21 there exists Cj : X' K . — ► R*j_ 
continuous such that Ci(S) — Ci(q(S))ffS for all S G X^- .. Let 

c(5)=X)ci(5)^(7r(«(5))). 

i 

It is clear that c is continuous from X' to R + , and that c(S) = c(q(S))f£S. 
Let us prove (b): let xq G G^\ There exists i such that (pi(-n(xo)) 7^ 0. Choose 
x G such that 7r(a;) = 7r(:co), then c(x) > Ci(x)y>i (7r(xo)) > 0. 
Let us show (c). Note that F = tt^ 1 ^^)) is closed, so q~ 1 (F) is closed. 
Let K\ be a compact neighborhood of K and i*i = ir^ 1 (ir(Ki)). Let J = 
{i\ V n 7t(#i) 7^ 0}. Then for all i <£ J, afoi o ir o g) = on 
therefore c = ^2j^jCj((pj o ir o q) in a neighborhood of q~ 1 (F). Since for all 
i, swpp(ci(ipi o it o q)) is compact and since J is finite, supp(c) n q^ 1 (F) C 
Ui e jsupp(ci(<^i o 7r o q)) is compact. 

Let us show the last assertion. Let <p(g) — c(s(g)). Let T be a filter on G 
convergent in HG to A C G. Choose n e i and let 5 = a _1 A Then s(J-") 
converges to 5 in HG, hence 

lim<^ = #Sc(s(a)) = ^ c(s(g)) = ^ <p{g). 

For every compact set K C G^ ) , 

{.<? G G| r( S ) G K and ^(.g) ^ 0} 

C {g G G| r(g) G X and s(.g) G supp(c)} 

^(supp^ng- 1 ^))' 

so G K D {g E G\ (p(g) ^ 0} is included in a quasi-compact set. Therefore, for 
every I G G C (G (0) ), 5 i-> l(r(g))ip(g) belongs to G C (G). It follows that h(x) = 
f geG x l f(g) ^ x (dg) is a continuous function. Moreover, for every x € G^ there 
exists g G G x such that <yj(g) 7^ 0, so > Va; G G^. It thus suffices to 
replace c(x) by c(x)/h(x). □ 

Example 6.4. In Examvle \2Jft with T = 7L n and H = {0}, the cutoff function 
is the unique continuous extension to X' of the function c(x) = 1 for x G (0, 1], 
and c(0) = 1/n. 

Proposition 6.5. Let G be a locally compact, proper groupoid with Haar sys- 
tem such that G*- ) is Hausdorff and G^ /G is compact. Let c be a cutoff 
function. Then the function p(g) = y/c(r(g))c(s(g)) defines a selfadjoint pro- 
jection p € C*(G), and £(G) is isomorphic to pC*(G) . 
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Proof. Let £a(x) = \/c(x). Then one easily checks that £o € (£o,£o) = P 
and £o(£o; £o) = £oj therefore p is a selfadjoint projection in G*(G). The maps 

£(G) -> pG r *(G), £ -> (Co, = p<£o, e> 
pC*(G) -> £(G), an?o« = £opa 

are inverses from each other. □ 



7. Generalized morphisms and C*-algebra correspondences 

Until the end of the paper, all groupoids are assumed locally 
COMPACT, with open RANGE MAP. In this section, we introduce a notion of 
generalized morphism for locally compact groupoids which are not necessarily 
Hausdorff, and a notion of locally proper generalized morphism. 
Then, we show that a locally proper generalized morphism from G\ to G 2 which 
satisfies an additional condition induces a G*(Gi)-modulc £ and a *-morphism 
G r *(G 2 ) -> £(£), hence an element of KK{C;{G 2 ) 1 C* r {G 1 )). 

7.1. Generalized morphisms. 

Definition 7.1. 0103 03 El [TJ1 HH Let Gi and G 2 &e two groupoids. A gener- 
alized morphism from G\ to G 2 is o triple (Z, p, a) where 

r (0) P 7 a r (0) 

is endowed with a left action of Gi wii/i momentum map p and a right action 
of G 2 with momentum map a which commute, such that 

(a) the action of G 2 is free and p-proper, 

(b) p induces a homeomorphism Z /G 2 ~ G^° . 

In Definition 17. II one may replace (b) by (b)' or (b)" below: 
(b)' p is open and induces a bijection Z/G 2 — > G^. 

(b)" the map Z x G 2 — ► Z x„<o) Z defined by (2,7) > (2,27) is a homeo- 
morphism. 

Example 7.2. Let G\ and G 2 be two groupoids. If f: G\ — > G 2 is a groupoid 
morphism, let Z = G± x y> G 2 , /?(x, 7) = x and a(x,j) = 3(7). Define the 
actions of G\ and G 2 &?/<?• (2,7) • 7' = (r(g), f(g)jj'). Then {Z,p,a) is a 
generalized morphism from G\ to G 2 . 

That p is open follows from the fact that the range map G 2 — > G^ is open and 
from Lemma T2.25I The other properties in Definition 17. II are easy to check. 

7.2. Locally proper generalized morphisms. 

Definition 7.3. Let G\ and G 2 be two groupoids A generalized morphism from 
G\ to G 2 is said to be locally proper if the action of G\ on Z is a -proper. 

Our terminology is justified by the following proposition: 
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Proposition 7.4. Let G\ and G 2 be two groupoids such that G 2 is Hausdorff. 
Let f : Gi — > G2 be a groupoid morphism. Then the associated generalized 
groupoid morphism is locally proper if and only if the map (/, r, s) : G\ — > 
G 2 x Gf> x cf ] is proper. 

Proof. Let tp: G\ X f os ,r G 2 — > (G 2 X S)S G2) Xrxrjxf (Gi x Gp) defined by 

Vidii 92) = (j '{91)92, 92,r{gi),s{gi)). By definition, the action of Gi on Z is 

(2) 

proper if and only if ip is a proper map. Consider 0: G2 x s s G2 — > G 2 given 
by (7,7') = (7(7') 7')- Let ^ = (0 X 1) o yj. Since 9 is a homeomorphism, 
the action of G\ on Z is proper if and only if tp is proper. 
Suppose that (/, r, s) is proper. Let /' = (/, r, s) x 1 : G\ x G 2 — > G 2 x G^ x 
Gf } x G 2 . Then /' is proper. Let F = {(7, a?, x', 7') e G 2 x G^ 0) x G< 0) x 
G 2 | s( 7 ) = r(f) = /(*'), r( 7 ) = /(*)}. Then /': (/'J" 1 ^) - F * proper, 
i.e. -0 is proper. 

Conversely, suppose that -0 is proper. Let F' = {(7, y, x, x') S G2 x Gg x 
G^ x G^| s( 7 ) = y}. Then 0: Tp~ 1 (F') — ► F' is proper, therefore (/, r, s) is 
proper. □ 

Our objective is now to show the 

PROPOSITION 7.5. Let G\, G 2 , G 3 be groupoidsLet (Zi,pi,ai) and {Z 2 ,p 2 ,a 2 ) 
be two generalized groupoid morphisms from G\ to G 2 and from G 2 to G3 
respectively. Then (Z,p,o~) = (Z\ Xq 2 Z 2 , p\ x 1, lxcr 2 ) is a generalized groupoid 
morphism. Lf (Z±, p%, a±) and (Z 2 , p 2 ,o~ 2 ) are locally proper, then (Z,p,o~) is 
locally proper. 

Proposition 17.51 shows that groupoids form a category whose arrows are gen- 
eralized morphisms, and that two groupoids are isomorphic in that category if 
and only if they are Morita-equivalent. Moreover, the same conclusions hold for 
the category whose arrows are locally proper generalized morphisms. In par- 
ticular, local properness of generalized morphisms is invariant under Morita- 
equi valence. 

All the assertions of Proposition 17. 51 follow from Lemma 
7.3. Proper generalized morphisms. 

Definition 7.6. Let G\ and G 2 be groupoids. A generalized morphism (Z, p, a) 
from G\ to G 2 is said to be proper if it is locally proper, and if for every quasi- 
compact subspace K of G 2 °\ cr _1 (Ar) is G\-compact. 

Examples 7.7. (a) Let X and Y be locally compact spaces and f : X — > Y 
a continuous map. Then the generalized morphism (X, Id, /) is proper 
if and only if f is proper. 
(b) Let f ' : G\ — > G2 be a continuous morphism between two locally compact 
groups. Let p: G 2 — ► {*}. Then (G 2l p,p) is proper if and only if f is 
proper and f{G\) is co-compact in G 2 . 
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(c) Let G be a locally compact proper groupoid with Haar system such that 
G*(°) is Hausdorff, and let -k: G (0) -> G^/G be the canonical mapping. 
Then (G (0 \ld, tt) is a proper generalized morphism from G to G^/G. 

7.4. Construction of a C*-correspondence. Until the end of the section, 
our goal is to prove: 

Theorem 7.8. Let G\ and G2 be locally compact groupoids with Haar system 
such that Gi and G% are Hausdorff, and (Z, p, a) a locally proper generalized 
morphism from G\ to G2. Then one can construct a C*{G\)-Hilbert module 
Ez and a map tt: C*{G2) — > C(£z)- Moreover, if (Z, p,o~) is proper, then tt 
maps to IC(£z)- Therefore, it gives an element of KK(C*(G2),C*(G{j). 

Corollary 7.9. (see |14j ) Let G\ and Gi be locally compact groupoids with 
Haar system such that G^ and are Hausdorff. Lf G\ and Gi are Morita- 
equivalent, then C*{G\) and C*(Gi) are Morita- equivalent. 

Corollary 7.10. Let f: G\ — > G2 be morphism between two locally compact 
groupoids with Haar system such that G^ ' and Gg are Hausdorff. If the 
restriction of f to (Gi)^- is proper for each compact set K C {Gi)^ then f 
induces a correspondence £f from C*(Gi) to G*(Gi). If in addition for every 
compact set K C Gg the quotient of G^ x f r {G2)k by the diagonal action of 
G± is compact, then C*(Gi) maps to JC(£f) and thus f defines a KK -element 
[f] &KK{C* r (G 2 ),C* r {Gx)). 

Proof. See Proposition 17.41 and Definition 17.61 applied to the generalized mor- 
phism Zf = Gi x f r G2 as in Example 17.21 □ 

The rest of the section is devoted to proving Theorem l7.8l 

Let us first recall the construction of the correspondence when the groupoids 

are Hausdorff |11|. It is the closure of C C (Z) with the G* (Gi )-valued scalar 

product 

(2) MG?)= / Wdvig-'z-r) A CT(z) (d 7 ), 

where z is an arbitrary element of Z such that p(z) = r(g). The right G*(Gi)- 
module structure is defined V£ £ C C (Z), Va S G c (Gi) by 

(3) (£*)(*)=/ i{g- 1 z)a(g- 1 )X^\dg), 
and the left action of C*(Gi) is 

(4) («*)(*)= / &(7)e(*7) \ a{z) (dj) 
for all b E G C (G 2 ). 

We now come back to non-Hausdorff groupoids. For every open Hausdorff set 
V C Z, denote by V its closure in TL((G\ k Z)y), where z E V is identified 
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to {p(z),z) £ H{{Gi k Z)X). Let £ v be the set of £ e C C (V) such that 
£(z) = aS ^ }) for all Sx{z}£ V. 

Lemma 7.11. The space £% — ^2 ie j£y i * s independent of the choice of the 
cover (Vi) of Z by Hausdorff open subspaces. 

Proof. It suffices to show that for every open Hausdorff subspace V of Z, one 
has £y C J2iei^v - Let £ e ^V" Denote by : V — * V the canonical map 
defined by qy (S x {z}) = z. Let if C F compact such that supp(£) C qy (K). 
There exists J C I finite such that K C Uj E jV^. Let (<Pj)j£j be a partition 
of unity associated to that cover, and £j — £.((fj ° qy). One easily checks that 
e£ v . and that £ = £ i6J &. D 

We now define a C*(Gi)-valued scalar product on £^ by Eqn. @ where z is 
an arbitrary element of Z such that p(z) = r(g). Our definition is independent 
of the choice of z, since if z' is another element, there exists 7' £ G2 such that 
z' = zj' , and the Haar system on G2 is left-invariant. 

Moreover, the integral is convergent for all g £ G\ because the action of G2 on 
Z is proper. 

Let us show that (£,17) £ C c (Gi) for all i] £ £%. We need a preliminary 
lemma: 

Lemma 7.12. Let X and Y be two topological spaces such that X is locally 
compact and f : X — > Y proper. Let T be a ultrafilter such that f converges to 
y £ Y with respect to T . Then there exists x £ X such that f(x) — y and T 
converges to x. 

Proof. Let Q = f^ 1 (y). Since / is proper, Q is quasi-compact. Suppose that for 
all x £ Q, T does not converge to x. Then there exists an open neighborhood 
V x of x such that V° £ T. Extracting a finite cover (Vi, . . . , V n ) of Q, there 
exists an open neighborhood V of Q such that V c £ T. Since / is closed, 
f(V c ) c is a neighborhood of y. By assumption, f(V c ) c £ f{!F), i.e. 3 A £ T, 
f (A) C f(V c ) c . This implies that A C V, therefore V £ T: this contradicts 
V c £ T. 

Consequently, there exists x £ Q such that T converges to x. □ 

To show that (£,17) £ C c (Gi), we can suppose that £ £ £^ and 77 £ £ v , 
where U and V are open Hausdorff. Let F(g,z) = ^(z)ri(g^ 1 z), defined on 
r = G\ x r p Z. Since the action of G\ on Z is proper, F is quasi-compactly 
supported. Let us show that F £ C C (T). 

Let T be a ultrafilter on T, convergent in HT. Since G^ is Hausdorff, its limit 



has the form S = S'g x 5"' where S' C (Gi)^, S" C p _1 (r(so))- Moreover, 

Ms) 



S" is a subgroup of (Gi)'l 9 ? by the proof of Lemma HTT1 



Suppose that there exist zq,z\ £ S" and g\ £ S'go such that zq £ U and 
g{ X z\ £ V . By Lemma IY . 1 21 applied to the proper map G\ x Z — > Z x Z, there 
exists sq € S" such that zq = so-^i- We may assume that go — so<?i. Then 
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Eses F ( s ) = E^eS'ffotoGfoV)" 1 *))- K *' i stab(zo), then ft V) _1 *b $ 
V since g^ 1 Zq and <7 c J" 1 (s') _1 zo are distinct limits of (g, z) i— > with respect 
to and V is Hausdorff. Therefore, 

= #(stab(z ) n SOlfotoGto" 1 *)) 

= v/#(stab(z ) n 5')e(^o)v // #(stab( 5o - 1 z ) n (ft^'go))^) 
= 1™C(2)»7(5 -1 «) = limits, z). 

If for all Zo, Z\ G S" and all gi G <S"go, (zo, 9\ lz i) £ UxV, then EsgS ^(5' z ) = 

= \imjr F(g,z). 

By Proposition O F G C C (T). 

Since (£,??>(<?) = / 76(Ga) . ( ,j ^(3,27) A ff(z) (d7), to prove that (f >)? ) G G c (Gi) it 
suffices to show: 

Lemma 7.13. Lei Gi anc? G2 6e £wo locally compact groupoids with Haar system 
such that are Hausdorff. Let (Z, p, a) be a generalized morphism from G\ 
to G2. Let r = Gi x r p Z. Then for every F G C C (T), the function 

9" [ F(g,z 7 )A CTW (d 7 ), 

J ^7G(G 2 )' 7<z) 

where z ^ Z is an arbitrary element such that p{z) = r{g), belongs to C C (G\). 

Proof. Suppose first that F(g, z) = f(g)h(z), where / G G c (Gi) and h G C C (Z). 
Let H(z) = f ie tQ 2 y(.*) h(zj) X 7 ^ (dj). By Lemma IV. 141 below (applied to the 
groupoid Z x G2), H is continuous. It is obviously G2-invariant, therefore 
H G C C (Z/G 2 ). Let i? G C c {Gf ] ) ~ C C (Z/G 2 ) correspond to H. The map 

.9 -> / FCff, *7) A CT(Z) (d 7 ) = f(g)H(s(g)) 

thus belongs to G c (Gi). 

By linearity, the lemma is true for F G G c (Gi) ® C C (Z). By Lemma f4. 41 and 
Lemma [4.51 F is the uniform limit of functions F n G G c (Gi) C C (Z) which 
are supported in a fixed quasi-compact set Q — Q\ x Q 2 C G± x Z. Let 
Q' C Z quasi-compact such that p(Q') D r(Qi). Since the action of G2 on Z 
is proper, K = {7 G G2I Q/7 H Q2 7^ 0} is quasi-compact. Using the fact that 
Gi ~ Z/G2, it is easy to see that 

sup f l Q ( 5 ,z 7 )A^(d 7 ) < sup / l Q2 (z7)A CT(z) (d7) 

(ff,«)€rJ 7 6(G2)°-W 2eQ'J 7 GGj <z) 



< 



sup / 



lK(7)A x (d 7 ) < 00 
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by Lemma 14.71 Therefore, 

= 0. 



lim sup 



F( ff ,z 7 )-^(3^7)A CT(z) (d 7 ) 



The conclusion follows from Corollary 14. 21 □ 
In the proof of Lemma IV. 131 we used the 

Lemma 7.14. Let G be a locally compact, proper groupoid with Haar system, 
such that G x is Hausdorff for all x e G (0 \ and G% = {x} for all x <E G (0) . We 
do not assume G(°) to be Hausdorff. ThenMf e C C (G^), 

<p:G^^C, x~ [ f(s(g))X x (dg) 

JgeG* 

is continuous. 

Proof. Let V be an open, Hausdorff subspace of G^ . Let h € C C (V). Since 
(r, s): G — > G^ x G*- -* is a homeomorphism from G onto a closed subspace 
of G(°) x G<°), and (x,y) h-> h(x)f(y) belongs to G C (G(°) x G^), the map 
<7 1 ^ h(r(g))f(s(g)) belongs to G C (G), therefore by definition of a Haar system, 
x i ^ h(r{g))f(a{g)) \ x {dg) = belongs to G C (G( )). 

Since /i G G C (V) is arbitrary, this shows that (£>iy is continuous, hence y> is 
continuous on G(°). □ 

Now, let us show the positivity of the scalar product. Recall that for all x g 
G^ there is a representation 7T(3 lja ;: G*(Gi) — > C(L 2 (G X )) such that for all 
a G G c (Gi) and all rj € C c (Gf), 



(7r Gux (a) V )(g) = a(h) v (gh) X s ^(dh). 

JheG 3 ^ 

By definition, ||a|| c » (Gl) = sup x 

(«)ll- 

( V ,7: GuX (a)n) = [ ^a(h) V (gh) \ s ^(dh)\ x (dg) 

JgeGf, heGl<- 9 ' 



r ! (g)a(g- 1 h) V (h)X x (dg)X x (dh). 

geGf, heG s (s) 

Fix z £ Z such that p{z) — x. Replacing a(g~ 1 h) by 
we get 

2 



(5) (T?,7r Gl , x «£,0)r?>= / A"«(d 7 ) 
It follows that 7r Gl ,x ((£,£)) > for all a; € G^, so (£,£) > in G*(Gi). 



Non-Hausdorff groupoids 



29 



Now, let us define a C*(Gi)-module structure on £% by Eqn.||2J) for all £ E £% 
and a G C C {G\). 

Let us show that (a€ £%. We need a preliminary lemma: 

Lemma 7.15. Let X and Y be quasi- compact spaces, (f2fe) on open cover of 
XxY . Then there exist finite open covers and (Yj) of X and Y such that 
Vi, j 3k, Xi x Yj c Sl k . 

Proof. For all (x,y) E X xY choose open neighborhoods U x , y and V x>y of x and 
y such that U x ,y X V XjV C fife for some k. For y fixed, there exist x\, . . . ,x n such 
that (U Xity )i<i< n covers X. Let V y — r\f =1 U XitV . Then for all (x,y) E X x Y, 
there exists an open neighborhood U' xy of x and k such that U' x V y C fife. 
Let (Vi, . . . , V m ) = (V^ , . . . , V Vm ) such that Ui<j< m T^ = Y. For all x G X, let 
= n^l^j,.. Let (C7i, ...,f/ p ) be a finite sub-cover of (C/^ex- Then for 
all i and for all j, there exists k such that [/j x Vj C f2fe. □ 

Let Qi and Q2 be quasi-compact subspaces of G\ of .2T respectively such that 
a _1 (C*) C Qi and £ _1 (C*) C Q2- Let Q be a quasi-compact subspace of Z 
such that Vg € Qi, Vz G Q2, <7 £ G Q. Let (Uk) be a finite cover of Q by 
Hausdorff open subspaces of Z. Let Q' = Qi x r . p Q2- Then Q' is a closed 
subspace of Qi x Q 2 . Let ft' k = {(g,z) G Q'| g _1 z G J7fc}. Then (fi^) is a 
finite open cover of Q' . Let fife be an open subspace of Q\ x Q 2 such that 
Q' k = Qk H Q'. Then {Qi x Q 2 — Q'} U {Jlfc} is an open cover of Q\xQ 2 . Using 
Lemma [7.151 there exist finite families of Hausdorff open sets (Wi) and (Vj) 
which cover Q\ and Q 2 , such that for all i, j and for all (g, z) € Wi x G (o) Vj, 

there exists k such that g~ x z G U\-- 

Thus, we can assume by linearity and by Lemmas 14.31 and 17. 1 II that £ G £ v , 
a G C C (W), U = W^V, and U, V and W are open and Hausdorff. 
Let n = {(g,S) G VF- 1 x J7'| g- 1 q u (S) G V}. Then the map (.g, 5) ^ 
(g -1 , g _1 S) is a homeomorphism from fl onto W x r , poqv V' . Therefore, the map 
(g, z ) ^ belongs to C c (f2) C C c (Gi x ri/}0qv U'). By Lemma Ol 



belongs to C C (U'). It is immediate that (£a)(S) = VWS(£a)(q(S)) for all 
S E U', therefore £a G This completes the proof that £a E 

Finally, it is not hard to check that (£, na) — (£,??) *a. Therefore, the completion 
£ z of £® z with respect to the norm ||£|| = || (£, OH 1 / 2 is a C*(G 1 )-Hilbert module. 

Let us now construct a morphism ir: C*(G 2 ) — > C(£z)- For every £ G £^ and 
every & E C C (G 2 ), define by Eqn.QJ. Let us check that E £%. As above, 
by linearity we may assume that £ E £y, b E C C (W) and VW^ 1 C U, where 
V C Z , U C Z and W C G 2 are open and Hausdorff. 



Let $(5,7) = (S7, 7). Then $ is a homeomorphism from f2 = {(S, 7) G 
tf / X«ro« l ,,rW| gt/(5)7 E V} onto U' x CT0<3v , s VF. Let F{z,j) = b(j)£(zj). Since 
F = (£ (g) 6) o $, F is an element of C c (f2) C C c (f7' x CT09[/ r W). By Lemma Ol 
^ e C C (U'). 
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It is immediate that {b£)(S) = (q(S)). Therefore, b£ G £% C £%. 

Let us prove that < ||6|| ||£||. Let 

C(7)= / rtigKig-h^X'ldg), 
JgeG^ 

where z € Z such that p(z) — r(g) is arbitrary. From 

(V,KG 1 A(L0)v)=\\(\\ 2 L2{G ^y 

A similar calculation shows that 

2 

geGl 



= <6C,6C)<l|fo|| 2 ||CH 2 . 
By density of G c (Gf) in L 2 (G| ), \\n GuX ((b^bO)\\ < ||&|| a ||7r GlllB (fo 0)11- Tak- 
ing the supremum over x G G^, we get \\bt;\\ < \\b\\ ||£||. It follows that 
b !— > (£ !— > &£) extends to a *-morphism 7r: G*(G 2 ) — > C{£z)- 

Finally, suppose now that (Z, p, cr) is proper, and let us show that G*(G 2 ) maps 
tofc(£ z ). 

For every r], ( £ £%, denote by T v ^ the operator T ?) ^(£) = ?7(C,£). Compact 
operators are elements of the closed linear span of T v ^s. Let us write an 
explicit formula for T v ^: 

T v ,d£){z) = / , n(fl-^)(C,€)(ff- 1 )A"«(^) 



Let 6 € C C {G2), let us show that 7r(6) G JC{£z)- Let if be a quasi-compact 
subspace of G2 such that 6 _1 (C*) C K. Since (Z,p,a) is a proper generalized 
morphism, there exists a quasi-compact subspace Q of Z such that cr -1 (r(-RT)) C 
G\Q. Before we proceed, we need a lemma: 

Lemma 7.16. Let G2 be a locally compact groupoid acting freely and properly 
on a locally compact space Z with momentum map a: Z -► G ( 2 0) . Then for 
every (zcb7o) £ 2 » G2, there exists a Hausdorff open neighborhood £l Z0 ^ l0 of 
( z 0j 7o) such that 

• U = {zi7i| (21,71) G ^ 2o , 7o } is Hausdorff; 

• there exists a Hausdorff open neighborhood W 0/70 such that V7 G G2, 
Vz G pn(^z Q ,jo), Mz 1 £ U , z' — z^f ==>■ 7 G w. 

Proof. Let i? = {(z,z') G Z x Z| 37 G G 2 , z' = 27}. Since the G 2 -action 
is free and proper, there exists a continuous function <j)\ R — ► G% such that 
(f>(z, zj) — 7. Let W be an open Hausdorff neighborhood of 70. By continuity 
of <j), there exist open Hausdorff neighborhoods V and Uo of zq and zo7o such 
that for all (z, z') G R n (V x C/q), 0(z, z ') € W< By continuity of the action, 
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there exists an open neighborhood S! 2o , 7o of (zo, 70) such that V(zi, 71) £ f2 ZOi7o , 
Z171 € J7o an d Z\ G V. □ 

By Lemma IV .151 there exist finite covers (Vi) of Q and (Wj) °f such that for 
every i, j, (Z x G ( 0) G 2 ) n (Vj x Wj) C ^z , 7o for some (zo,7o)- 

By Lemma [6.21 applied to the groupoid (Gi x Z)y% for all i there exists c[ € 
C c (y/)+ such that cJ(S) = (#S)c{(gvi (S)) for all S e 7/, and such that Ei c- > 
1 on Q. Let 

/*(*)=/ _c{(5- 1 z)A' , W(d ff ) 



■/ s eGf (s) 

and let / = J^. /j. As in the proof of Theorem l6.3l one can show that for every 
Hausdorff open subspace V of Z and every h S C C (V), (g, z) 1— > h(z)c' i (g^ 1 z) be- 
longs to G C (G x Z), therefore hfi is continuous on V. Since h is arbitrary, it fol- 
lows that ft is continuous, thus / is continuous. Moreover, / is Gi-equivariant, 
nonnegative, and infQ / > 0. Therefore, there exists f\ £ C C (G\\Z) such that 
/lO) = l//(z) for all z € Q. Let a(z) = /i(z)c^(z). Let 

T,(0(z) = / / , , ^(5-^)6(7)^(^7) A^(d 5 )A^(d 7 ). 



Then 7r(6) = 5^.-!$, therefore it suffices to show that T, is a compact operator 
for all i. 

By linearity and by Lemma 14.31 one may assume that 6 £ C c (Wj) for some j. 
Then, by construction of Vi (see Lemma l7.16[) . there exist open Hausdorff sets 
U C Z and W C G 2 such that {7 € G 2 | 3(z, z') € V l x J7, z' = 27} C W, and 
{27I {z,<y)€Vi x„ff}c(/. 

The map (z, 27) 1— > 0(2)6(7) defines an element of G C (V7 x U). Let L\ x L 2 C 
Vi x U compact such that (z,z-f) i— > 0(2)6(7) is supported on (jy (Li) x i 2 . 
By Lemma l6~2*l applied to the groupoids (Gi x Z)y and (Gi K2)jf, there exist 
di G G c (K/) + and rf 2 6 C C (U') + such that di > on Li and d 2 > on L 2 , 
di(5) = VWSd^qv^S)) for all S* € V?, and d 2 {S) = y/#Sd 2 (qu(S)) for all 
S S C/'. Let 

0(2)6(7) 



di (2)^2(27) 



Then / G G C (V^ x (0 ) {/). Therefore, / is the uniform limit of a sequence 
"1 

/„ = a n,k <8> (3 n ,k in G c (Vi) ® C C (U) such that all the /„ are supported in a 
fixed compact set. Then Ti is the norm-limit of J2k Tdxa n k -d 2 p n therefore it 
is compact. 

Remark 7.17. The construction in Theorem \ 7. &| is functorial with respect to 
the composition of generalized morphisms and of correspondences. We don't 
include a proof of this fact, as it is tedious but elementary. It is an easy 
exercise when G\ and G 2 are Hausdorff. 
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